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Analytical solutions are derived for the compression of cylinders with bonded surfaces and
with Coulomb friction conditions at the interfaces. The bonded solution assumes that the
radial displacement is linearly dependent on radius which leads to simple forms. These are
compared with FE data and the apparent modulus is found to be within about 8% for the
whole range of aspect ratios (102–103), and thus degrees of constraint for the cylinders.
The apparent moduli are shown to be strong functions of both m and l and the solutions
thus provide schemes for ﬁnding both parameters experimentally using inverse methods.
This is demonstrated by using the FE results as such data to explore how many tests, and
what aspect ratios, are needed. Some preliminary experimental results are also given.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Compression testing is widely used to determine the stress/strain behaviour of solids. It has the inherent advantage of
simplicity in that circular cylinders are usually used and the specimen is loaded between relatively rigid platens to give a
stress state of simple compression provided there is no constraint to movement at the loaded interfaces. This condition is
usually achieved by lubricating the surfaces and then varying the aspect ratio S (radius/height) to conﬁrm independence
of geometry which is required for simple compression. Additional information can also be derived from unlubricated spec-
imens from the dependence of stress at a given strain on S. This can be analysed to give, for example, both a yield stress and a
coefﬁcient of friction, l. Such tests are widely used to determine the properties of metals for use in metal forming calcula-
tions, e.g. Hill (1950) and Johnson and Mellor (1962). An analysis for complete surface restraint, i.e. a bonded condition, is
also used for designing rubber springs (Gent and Lindley, 1959; Lindley, 1972) and by assuming constant volume, a depen-
dence of the apparent stress, or modulus, on S can be derived.
The motivation for the work described here arose from using compression testing to characterise soft solids and in par-
ticular cheese (Charalambides et al., 2001) and bread dough (Charalambides et al., 2005). Both have non-linear stress–strain
curves which can be measured using lubricated specimens. In addition there is an interest in measuring l for use in process-
ing calculations in, for example, cutting cheese (Kamyab et al., 1998) and rolling (Xiao et al., 2007) and extruding dough. For
both materials, various schemes have been explored to deduce l from compression tests by varying S (Charalambides et al.,
2001, 2005). A further motivation to extend the capability of the test came from dough since it is important to measure the
compressibility which can be as high as 10% due to the presence of air bubbles. With these interests in mind the analysis of a
constrained cylinder will be explored with a view to determining the stress/strain data for both bonded surfaces and Cou-
lomb friction at the interfaces.. All rights reserved.
ineering Department, Imperial College London, Exhibition Road, London SW7 2AZ, UK.
illiams).
J.G. Williams, C. Gamonpilas / International Journal of Solids and Structures 45 (2008) 4448–4459 4449Although the interest here is to characterise materials with non-linear stress–strain curves the analysis will use Hooke’s
Law for small strain, linear elasticity. The solutions obtained from such an approach are quite complex and it was considered
appropriate to consider these before seeking to extending the methods to large strain, non-linear, cases. Some discussion of
the applicability of the results to more general, large strain, cases will be given.
2. Simple compression
Thedeformationsandcoordinates for this caseareshowninFig. 1. Theanalysis is, of course, trivial, but it is instructive topose
the solution in a particular form since this will be used in subsequent cases. The radial displacement umay be written as,u ¼ e1r where e1 is constant:
Thus er ¼ ouor ¼ eh ¼
u
r ¼ e1 and ez ¼ woh ¼
ow
oz is a constant, and the shear strain is,erz ¼ ouoz þ
ow
or
¼ 0If we now employ Hooke’s Law then,rrz ¼ E2ð1þ mÞ erz ¼ 0and rr ¼ Eð1þ mÞð1 2mÞ ðð1 mÞer þ mðeh þ ezÞÞ ¼
Eðe1 þ mezÞ
ð1þ mÞð1 2mÞ
Thus rr is constant and, since it is zero at r = a, it is zero everywhere and hence er = mez.
Similarly, rh = 0 and,rz ¼ Eð1þ mÞð1 2mÞ ðð1 mÞez þ mðer þ ehÞÞ ¼
Eð1 m 2m2Þ
ð1þ mÞð1 2mÞ ez ¼ Eezi.e. simple compression.
In the subsequent analyses we shall continue to use the assumption of a linear dependence of u on r but for constrained
cases e1 becomes e1Z1(z). Similarly the boundary condition of rr = 0 at r = a will also be applied. Exact solutions for this type
of problem for linear elasticity are discussed by Timoshenko and Goodier (1970) and lead to solutions in the form of Bessel
functions in r. There are also some approximate solutions which follow this route (Lindsey et al., 1963; Kakavas and Blatz,
1991; Lin et al., 2000) for the fully constrained case and a comparison will be made in Section 5 with the results obtained
here. Such results are, in effect, numerical and, as such, can more easily be derived using ﬁnite element analysis (FE). The
value of the much simpler, though approximate, forms derived here is that they are more useful in analysing experimental
data. Their accuracy will be conﬁrmed here by comparing all of them with FE solutions.
3. Bonded compression
This case is shown in Fig. 2 and u = 0 at z = 0 and h for all S. The solution is best approached via the two equilibrium equa-
tions (Timoshenko and Goodier, 1970),orr
or
þ rr  rh
r
þ orrz
oz
¼ 0 ð1Þandorrz
or
þ rrz
r
þ orz
oz
¼ 0 ð2ÞFig. 1. Simple compression.
Fig. 2. Bonded compression.
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on using Hooke’s Law and the usual deﬁnitions of strain, i.e. ez ¼ owoz ; er ¼
ou
or ; eh ¼
u
r ; erz ¼ ouoz þ
ow
or , we haveo2w
oroz
þ ð1 2mÞ o
2u
oz2
þ 2ð1 mÞ o
or
u
r
þ ou
or
 
¼ 0 ð3Þ
and
o
oz
u
r
þ ou
or
 
þ ð1 2mÞ o
2w
or2
þ 1
r
ow
or
 !
þ 2ð1 mÞ o
2w
oz2
¼ 0 ð4ÞWe now return to the basic assumption for u, i.e. u = e1Z1(z)r where e1 is constant, and from Eq. (3) we have,o2w
oroz
¼ ð1 2mÞe1Z001rwhere 0 is ddz etc. Thusez ¼ owoz ¼ e1Z2ðzÞ  ð1 2mÞe1Z
00
1
r2
2
 and owor ¼ e1RðrÞ  ð1 2mÞe1Z
0
1r
On substituting these results in Eq. (4) we have,2Z01  2ð1 2mÞ2Z01 þ 2ð1 mÞ Z02  ð1 2mÞZ0001
r2
2
  
þ ð1 2mÞ dR
dr
þ R
r
 
¼ 0which is satisﬁed by,Z0001 ¼ 0; Z02 ¼ 4mZ01 and
dR
dr
þ R
r
¼ 0Z0001 ¼ 0 gives a parabolic relationship and hence,Z1 ¼ hz z
2
h2
 
and Z2 ¼ Zo  4mZ1 ð5Þwhere Zo is a constant. The third condition gives.R ¼ Ro
rwhere Ro is a constant which is zero to avoid a singularity at r = 0 for the solid cylinder analysed here. We may now write an
expression for ez,i:e:
ow
oz
¼ ez ¼ e1 Zo  4m hz z
2
h2
 
þ ð1 2mÞ r
2
h2
 
ð6ÞSince er = eh,rh ¼ rr ¼ Eð1þ mÞð1 2mÞ ðer þ vezÞ
and rr ¼ Ee1ð1þ mÞð1 2mÞ
hz z2
h2
 
þ v Zo  4m hz z
2
h2
 
þ ð1 2mÞ r
2
h2
   
ð7Þ
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was fou1
h
Z h
0
hz z2
h2
 
dz ¼ 1
6and hence 16mþ Zo 
2m
3
 
þ ð1 2mÞS2 ¼ 0 where S ¼ a
h
1
is the aspect ratio of the cylinder.
On substituting in Eq. (6) and integrating to give w the overall strain may be derived from ez ¼ w0h with w = w0 at z = h
and zero at z = 0.i:e: ez ¼ e1 16mþ ð1 2mÞ S
2  r
2
h2
  
ð8Þ
and rr ¼ m1þ m
 
Ee1 S
2  r
2
h2
 
from Eq:ð7Þ ð9ÞSimilarly,      
rrz ¼ Eerz2ð1þ mÞ ¼
E
2ð1þ mÞ
ou
oz
þ ow
or
¼ m
1þ m Ee1
h 2z
h
r
h
ð10Þ
and rz ¼ E½ð1 mÞez þ mðer þ ehÞ ¼ E ð1 mÞ owoz þ m
ou
or
þ u
r
  
i:e: rz ¼ Ee1 16mþ
1 m
1þ m
 
S2  r
2
h2
  
ð11ÞZThe average value of rz; rz ¼ 2a2
a
0
rzrdr, is measured in an experiment, i.e. load divided by area and from Eq. (11) we haverz ¼ Ee1 16mþ
1 m
1þ m
 
S2
2
" #The expression of ez, Eq. (8), is a function of r which cannot be true for rigid, parallel plates. This is a consequence of the
approximate nature of the solution but this may be overcome by taking the average over the area as for the stress,i:e: ez ¼ 2a2
Z a
0
ezrdr ¼ e1 16mþ ð1 2mÞ
S2
2
 !The apparent modulus Ea is rz=ez and hence,Ea
E
¼
1þ 3m 1 m1þ m
 
S2
1þ 3mð1 2mÞS2 ð12ÞFor m = 0.5, we have the constant volume result given in Gent and Lindley (1959) and Lindley (1972), Ea
E
¼ 1þ S2
2
and as
S?1 we obtain the fully constrained modulus
Ea
E
 
1
¼ ð1 mÞð1þ mÞð1 2mÞ ð13ÞThe stresses are;    
rz
Eez
¼
1þ 6m 1 m1þ m S
2 1 r2
a2
ð1þ 3mð1 2mÞS2Þ ð14aÞ
rrz
Eez
¼  6m
2
1þ m
  S r
a
 
1þ 3mð1 2mÞS2
  ; ðz ¼ 0;hÞ ð14bÞ
and
rh
Eez
¼ rr
Eez
¼ 6m
2
1þ m
  S2 1 r2
a2
 
ð1þ 3mð1 2mÞS2Þ ð14cÞThe forms of stress distributions are illustrated in Fig. 3 for m = 0.5. It should be noted that for m 6¼ 0.5 the limits at r = 0 and
S?1 arerz
Eez
! 2ð1 mÞð1þ mÞð1 2mÞ ;
rh
Eez
¼ rr
Eez
¼ 2mð1þ mÞð1 2mÞ
and rrz? 0. The hydrostatic pressure rH at the centre (r = 0) is given byrH
Eez
¼ rz þ rr þ rh
3Eez
¼ 1
3
1þ 6mS2
1þ 3mð1 2mÞS2
 !ent and Lindley (1959) and Lindley (1972), S is used to deﬁne the ratio of the loaded area divided by the free area and is a/2h for a circular cylinder. This
nd to be a good ﬁt for data on rectangular blocks.
Fig. 3. Stress distribution for the constant volume (m = 0.5) bonded surface case.
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loading is applied.
The general form of Eq. (12) is illustrated in Fig. 5 for m = 0.49 and is sigmoidal between the two asymptotes of unity and
(Ea/E)1 = 17.2 in this case. (Ea/E)1 is very sensitive to m and is 1.5 for m = 1/3, 2.1 for m = 0.4 and 3.7 for m = 0.45. This fact ren-
ders Ea/E a possible route to determine m and this will be discussed in Section 6. The idea of using Ea/E is also discussed in
Kakavas (1996).
4. Coulomb friction at the interfaces
Many text books on plasticity give this solution e.g. Hill (1950) and Johnson and Mellor (1962). It is derived from assump-
tions about stresses and that;orrz
oz
¼ 2
h
 
rrzðz ¼ 0; hÞas in Eq. (10). This is true for all dependencies of rrz on r and requires only that rrz be linear in z as for the parabolic form of Z1.
It is further assumed that rr = rh because it is a solid cylinder and thus the ﬁrst equilibrium equation, Eq. (1) becomes,orr
or
¼  orrz
oz
¼  2
h
 
rrzðz ¼ 0;hÞIf we now assume Coulomb friction at the interface and that rz is not a function of z then;rrzðz ¼ 0;hÞ ¼ lrz
and orror ¼ 
2l
h rz
In plasticity solutions the relationship between rr and rz is provided by the Tresca yield criteria, i.e. rY = rz  rr, where rY
is the tensile yield stress but a similar form comes from Hooke’s Law,i:e: Eez ¼ rz  2mrr ð15Þ
which is identical in form for m = 0.5. Pursuing the elasticity case we haveorr
or
¼ 1
2m
orz
or
and
orz
or
¼ 4ml
h
rz
i:e: rz ¼ roe
4mlr
hwhere ro is a constant. From Eq. (15),rr ¼ 12m roe
4mlr
h  Eez
0
@
1
Aand since rr = 0 at r = a;ro ¼ Eeze4mlS
Fig. 4. Stress distribution for the constant volume (m = 0.5) Coulomb friction case.
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rrz ¼ lEez h 2zh
 
e4mlSð1r=aÞ ð16bÞ
and rh ¼ rr ¼ Eez2m ðe
4mlSð1r=aÞ  1Þ ð16cÞThe form of these distributions is shown in Fig. 4 for m = 0.5 and do not change greatly with m.
The lateral strains are;eh ¼ er ¼ 1E ðð1 mÞrr  mrzÞ ¼
ez
2m
ð1þ mÞð1 2mÞe4mlSð1r=aÞ  ð1 mÞ 	 ð17Þ
and for m = 0.5, as in the plasticity solution, eh = er = 1/2ez, i.e. simple compression with no constraint. For lS? 0, i.e. the low
friction case and for r/a? 1, eh = er = mez, again simple compression as expected for low constraint. For m 6¼ 0.5, eh cannot
equal er since this requires that u/r = ou/or which is only true for u / r and not for the exponential form derived here in this
approximate solution. High constraint cases must result in sticking on at least part of the surface so we must expect good
predictions only for low values of lS. The limit for sliding is when eh = er = 0 at r = Ka and from Eq. (17) we have,ð1 KÞlS ¼ 1
4m
ln
ð1 mÞ
ð1þ mÞð1 2mÞ
 
¼ 1
4m
ln
Ea
E
 
1
¼ ðlSÞ0 ð18ÞAt this radius the axial stress from Eq. (16a) is,rz ¼ Eeze4mlSð1KÞ ¼ Eez ð1 mÞð1þ mÞð1 2mÞ ¼ Eez
Ea
E
 
1Fig. 5. Apparent modulus as a function of aspect ratios S and lS for m = 0.49.
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r
a
P K takes
the form of Eq. (16a). The average measured value, rz, is thus,a2
2
 
rz ¼ Eez EaE
 
1
Z aK
0
rdr þ
Z a
aK
e4mlS 1
r
að Þrdr
 so thatEa
E
¼ rz
Eez
¼ K2 Ea
E
 
1
þ 1
8m2ðlSÞ2
ðð1þ 4mKlSÞe4mlSð1KÞ  ð1þ 4mlSÞÞ ð19Þwhere K ¼ 1 ðlSÞ0
lS
for lSP (lS)0 from Eq. (18). For lS < (lS)0, K = 0 andEa
E
¼ 1
8m2ðlSÞ2
ðe4mlS  ð1þ 4mlSÞÞ ð20ÞFig. 5 shows these solutions as Ea/E versus lS for m = 0.49 together with the bonded case plotted versus S.
5. Finite element analysis
The analytical results given in the previous sections have been compared to numerical results obtained using ABAQUS
(2003). The compression of a bonded cylindrical sample between two ﬂat and rigid platens was simulated assuming an axi-
symmetric model. Various sample aspect ratios, S, ranging from 102 to 103 were studied. Due to symmetry, the model uses
only half of the cylinder. The boundary conditions were symmetry along the cylinder axis (r = 0) and zero displacement along
the r-axis for the z = 0 and h lines (see Fig. 2). A reference node on the top rigid surface was displaced along the z-direction up
to a strain of about 1%. Four noded quadrilateral with reduced integration elements were used throughout the analyses.Fig. 6. Modulus ratio as a function of S for the bonded cylinder; A comparison of FE and approximate analytical solutions.
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ratios describing both almost incompressible (m close to 0.5) and compressible (m = 0.3 and 0.4) solids were studied. Subse-
quently, the apparent Young’s moduli were calculated for individual S and m.
Fig. 6 shows Ea/E as a function of S in the range 102–103. In Fig. 6a the m values are close to 0.5 and give large values Ea/E.
Fig. 6b gives results for m = 0.4 and 0.3 where the increases are modest. Also shown are the predictions of Eq. (12) which are
within the range of ±8%. In addition there are values taken from two other approximate solutions. The ﬁrst solution from
Kakavas and Blatz (1991) and Lin et al. (2000) has the form,Ea
E
¼ 1 mð1þ mÞð1 2mÞ f ðkÞ; k ¼ S
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6ð1 2mÞ
1 m
r
and f ðkÞ ¼ 1 m
1 m
 2 2I1ðkÞ
kI0ðkÞ  ð1 2mÞI1ðkÞ=ð1 mÞ ð21Þwhere I1 and I0 are the modiﬁed Bessel functions of order one and zero. The other solution from Lindley (1979) is derived
using an energy method and has the form,Ea
E
¼ 1þ 3m2ð1þ mÞ S
2 1þ 116 ð1 2mÞS2
1þ 3316 ð1 2mÞS2
" #
for S < S0
Ea
E
¼ ð1 mÞ
ð1þ mÞð1 2mÞ
1 2m
2
15ð1 2mÞ
S0
S
 !
8 S0
S
 !" #
for S > S0
9>>>=
>>>;
ð22Þwhere S20 ¼ 1615
1
1 2m
 
. The errors in these two solutions which give almost identical results, are all negative and around
8%. The much simpler form of Eq. (12) thus gives a satisfactory solution for the bonded case.
For the Coulomb friction case solutions were obtained for l values at the surfaces of 0.01, 0.05, 0.10 and 0.20 for m = 0.49
and 0.4 and a range of S values. The analytical solution suggests a single curve when Ea/E is plotted versus lS and this is con-
ﬁrmed in Fig. 7 where Ea/E is plotted versus low values of lS in the range 0–2.5 together with Eqs. (19) and (20). In addition,
there are values plotted from a solution taken from Gent (1994) which is given in the form,Ea
E
¼ Ea
E
 
1
 1
 
K4 þ 2K
3
lS
þ 2K
2
ðlSÞ2
þ K
ðlSÞ3
 !
 1
lS
1þ 1
2lS
 
ð23Þ

where Ea
E 1
¼ ð1 mÞð1þ mÞð1 2mÞ and K has to be solved implicitly from the following equation,2
Ea
E
 
1
 1
 
K
lS
¼ e2lSð1KÞ ð24ÞThis solution is derived assuming m = 0.5 and is generalised here by making Ea
E
 
1
¼ 1þ S2
2
. The onset of sliding is assumed
to be when the shear stresses are equal in the bonded and friction solutions for m = 0.5. It is worth noting that when
K ¼ 1; lS ¼ 2 Ea
E
 
1
 1
 
and not lS =1. At this value, Ea
E
¼ Ea
E
 
1
.
At these low values of lS, the predictions from both Eqs. (19) and (20) are within 4% for both values of m whereas much
higher error of 15% is observed when using Eq. (23). Fig. 8 shows the results over the full range of lS together with the ana-
lytical solutions and again the differences are small for the predictions obtained with Eqs. (19) and (20) i.e. the errors are
within 4% and 2% for m = 0.49 and 0.4, respectively.Fig. 7. Comparison of analytical solutions with FE results at low lS values for m = 0.4 and 0.49.
Fig. 8. Comparison of FE results and the displacement based analytical solution for Coulomb friction with (a) m = 0.49 and (b) m = 0.4.
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result is lower than the FE and at lS < (lS)0, the FE shows that K tends to small, constant, values depending on l. This is not
captured by this approximate solution in which K = 0. It is, perhaps, somewhat surprising that the predictions of Ea/E are so
good but this is a consequence of Ea being an average over the whole distribution.
6. Use in experimental methods
Lubricated cylinders can be used to ﬁnd E and the validity of the assumption of zero constraint on the contact surfaces
checked by performing tests at a range of S values. The same procedure (Charalambides et al., 2001, 2005) may be applied
to large strains and non-linear deformations and give the full stress–strain curve. For many soft solids such curves can be
modelled as forms of rubber elasticity and all such ﬁts give an E value for the small strain region.
If fully bonded specimens of various S values are tested then Ea/E may be found and if this data is ﬁtted with Eq. (12), m
may be determined. As mentioned previously the apparent modulus is rather sensitive to m so good accuracy in such a test is
anticipated, particularly as m? 0.5 which is of interest in soft solids. For non-linear cases it is suggested that the constrained
curves are ﬁtted with the same rubber elasticity model as the lubricated data and Ea determined. Such an approach was
found to work well when applied to rubbers (Gent and Lindley, 1959).
An inverse analysis was conducted with the FE data by selecting Ea/E for a range of S values and ﬁtting the points with Eq.
(12). For experimental purposes the number of tests should be kept to a minimum. Table 1 shows the predicted m values for
input values of 0.3, 0.4, 0.49 and 0.497 and S values in the range of 1 to 17. Three values of S i.e. 1, 2 and 3, are insufﬁcient but
four, with the addition of S = 5, gives values within 1% except for the m = 0.3 case where the error is about 3%. A more strin-
gent comparison for the values very close to 0.5 (i.e. m = 0.497) is the difference and for four S values, the error is 13% and
decreases to +3% for seven values. This is also shown in Table 1, column 5, as
0:5 m
0:003
. Larger additional S values do not change
the results greatly for m = 0.4 and 0.49 but do show improvements for m = 0.3 and 0.497.
An exercise was also carried out using a Neo-Hookean model for large strain behaviour which assumes incompressible
behaviour andr ¼ E
3
k2  1
k
 
Fig. 9. Plots of K versus lS for (a) m = 0.49 and (b) m = 0.4.
Table 1
Inverse predictions of m using Eq. (12)
S m = 0.3 m = 0.4 m = 0.49 m = 0.497 0:5 m
0:003
Neo-Hookean (m = 0.5)
1,2,3 0.317 0.404 0.492 0.4993 0.23 0.506
1,2,3,5 0.311 0.400 0.489 0.4974 0.47 0.503
1,2,3,5,7 0.308 0.399 0.489 0.4973 0.90 0.501
1,2,3,5,7,10,17 0.307 0.399 0.489 0.4969 1.03 0.500
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versus Swas then ﬁtted with Eq. (12) as before and the apparent m values determined. These are shown as the last column in
Table 1 and show that accurate values of m may be obtained and that the use of Ea in ﬁtting the constrained stress strain
curves works well at least up to about 20% strain. A more complete FE analysis using an Ogden model is given in Chang
and Peng (1992) and shows similar effects in Ea/E as those given here.
A similar exercise was carried out to ﬁnd l for a range of S values using Eqs. (19) and (20). Table 2 gives data for l = 0.1
and m = 0.49 and ﬁxing the m value. As expected, the equations gave good predictions. This route of ﬁnding l requires three
sets of experiments, i.e. lubricated, bonded and unlubricated and a possible short cut is to omit the bonded case and deter-
mine both m and l from the unlubricated case. This is also demonstrated in Table 2 where the same data is now analysed
but now determining m andl simultaneously. The predictions show much the same behaviour as in the previous case and
suggest this might be a viable method. If it is not possible to achieve bonding, as in high water content solids, then a fur-
ther option is to change l by using rough surfaces. Thus two sets of data with the same m but different l values may be
ﬁtted. This is illustrated in Table 3 where various S values are used with m = 0.49 and l = 0.1 and 0.2. Again the ﬁt to
the input values is good.
Table 3
Inverse predictions of l and m for FE data with l = 0.1 and 0.2 and m = 0.49
S Eqs. (19) and (20) l = 0.2 Eqs. (19) and (20) l = 0.1
l m l m
1,2,3 0.212 0.494 0.109 0.494
1,2,3,5 0.208 0.493 0.106 0.493
1,2,3,5,7 0.204 0.491 0.105 0.491
1,2,3,5,7,10,17 0.203 0.489 0.103 0.489
1,2,3,5,7,10,17,35,100 0.199 0.490 0.102 0.490
Fig. 10. Inverse predictions of m and l from compression experiments on starch gel.
Table 2
Inverse predictions of only l with ﬁxed m and of both l and m for FE data with l = 0.1 and m = 0.49
S Eqs. (19) and (20) m = 0.49 Eqs. (19) and (20)
l l m
1,2,3 0.110 0.109 0.493
1,2,3,5 0.106 0.106 0.492
1,2,3,5,7 0.105 0.104 0.492
1,2,3,5,7,10,17 0.102 0.104 0.487
1,2,3,5,7,10,17,35,100 0.101 0.101 0.490
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In order to demonstrate the application of the analytical solutions derived in this paper, compression experiments were
performed using cylinders with ﬁve aspect ratios of 0.5, 1, 1.33, 2 and 2.83 and made from a starch gel. In particular, three
different experiments using lubricated, high friction and non-lubricated cylinders were conducted. In the high friction exper-
iments, an emery cloth (Grade 3 and grit number 40) was attached to the compression platens, thus inducing more con-
straint between the cylinders and the platens. Although sliding becomes more restricted in the high friction experiment,
it is worth noting that all ﬁve aspect ratio cylinders were seen sliding and the barrelling effect was more apparent than with
the non-lubricated cylinders.
The lubricated cylinders gave an E value of 7.0 kPa while those with high friction gave Ea/E values of 1.19, 1.60, 1.80, 2.43
and 2.67, respectively. In addition, the less-constrained non-lubricated cylinders resulted in Ea/E values of 1.17, 1.27, 1.39,
1.66 and 2.06, respectively.
The Ea/E values from the high friction and non-lubricated experiments were used to deduce l assuming the same m value.
These values when ﬁtted with Eqs. (19) and (20) gave a m value of 0.453 and l values of 0.67 and 0.38 for the high friction and
non-lubricated experiments, respectively. The ﬁts of these two cases together with the lubricated data are shown in Fig. 10,
where excellent agreement with the experimental data is apparent. In addition, the S values where sticking occurs are shown
for both high friction and non-lubricated experiments. Such results are encouraging.
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Both the approximate bonded solution and that for Coulomb friction at the interface agree well with the FE solutions. The
latter also includes the prediction of the onset of sticking for higher aspect ratios. The simple forms are well suited to inverse
methods and the higher sensitivity of constrained modulus to both m and l gives possible methods for ﬁnding these param-
eters experimentally. This was conﬁrmed by using the FE data and the inverse methods. Some preliminary experimental re-
sults on starch gels are promising.
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